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Abstract 

In this paper we show how it is possible to obtain mass generation 
in the context of non Abehan gauge field theory, using a non commu- 
tative spacetime. This is further confirmed by the modified dispersion 
relation that results from such a geometry. 

1 Introduction 

It is well known that Hermann Weyl's original phase transformation proposal 
was generalized, so that the global or constant phase of A was considered to 
be a function of the coordinates [H [2l [3l H] . 

As is well known this leads to a covariant gauge derivative. For example, the 
transformation arising from (x^) — > {x^ + dx'^), 

ijj iPe"^ (1) 

leads to the familiar electromagnetic potential gauge, 

A,^A^- d,X (2) 

The above transformation, ofcourse, is a symmetry transformation. In the 
transition from ([1]) to ([2]), we expand the exponential, retaining terms only 
to the first order in coordinate differentials. 

Let us now consider the gauge field in some detail. As is known this could be 
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obtained as a generalization of the above phase function A to include fields 
with internal degrees of freedom. For example A could be replaced by 
given by [2] 

A, = J2A;ix)L,, (3) 

The gauge field itself would be obtained by using Stoke's Theorem and 
This is a very well known procedure: considering a circuit, which for simplic- 
ity we can take to be a parallelogram of side dx and dy in two dimensions, 
we can easily deduce the equation for the field, viz., 

Ff,^ = df,A^ - d^A^ - tq[A^, A^], (4) 

q being the gauge field coupling constant. 

In (jl]), the second term on the right side is typical of a non Abelian gauge 
field. In the case of the U(l) electromagnetic field, this latter term vanishes. 
Further as is well known, in a typical Lagrangian like 

L = lij^^D^iP - ^F'^'F^, - m^^ (5) 

D denoting the Gauge covariant derivative, there is no mass term for the 
field Bosons. Such a mass term in ([5]) must have the form m^A^A^ which 
unfortunately is not Gauge invariant. 

This was the shortcoming of the original Yang-Mills Gauge Theory: The 
Gauge Bosons would be massless and hence the need for a symmetry break- 
ing, mass generating mechanism. 

The well known remedy for the above situation has been to consider, in anal- 
ogy with superconductivity theory, an extra phase of a self coherent system 
(Cf.ref. [2j for a simple and elegant treatment and also refs. [3| and [5]). Thus 
instead of the gauge field A^, we consider a new phase adjusted gauge field 
after the symmetry is broken 

W, = A^- ^9^0 (6) 

The field now generates the mass in a self consistent manner via a Higgs 
mechanism. Infact the kinetic energy term 

hD.c^l' , (7) 
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where in ([7j) denotes the Gauge , now becomes 

\DM' = <f\W,?\M\ (8) 

Equation ([S]) gives the mass in terms of the ground state 0o- 
The whole point is as follows: The symmetry breaking of the gauge field 
manifests itself only at short length scales signifying the fact that the field is 
mediated by particles with large mass. Further the internal symmetry space 
of the gauge field is broken by an external constraint: the wave function has 
an intrinsic relative phase factor which is a different function of spacetime 
coordinates compared to the phase change necessitated by the minimum cou- 
pling requirement for a free particle with the gauge potential. This cannot 
be achieved for an ordinary point like particle, but a new type of a physical 
system, like the self coherent system of superconductivity theory now inter- 
acts with the gauge field. The second or extra term in ^ is effectively an 
external field, though ([H]) manifests itself only in a relatively small spatial 
interval. The of the Higgs field in ([6]), in analogy with the phase function 
of Cooper pairs of superconductivity theory comes with a Landau- Ginzburg 
potential 1^(0). 

Let us now consider in the gauge field transformation, an additional phase 
term, /(x), this being a scalar. In the usual theory such a term can always be 
gauged away in the U(l) electromagnetic group. However we now consider 
the new situation of a noncommutative geometry viz., 

[dx^',dx'']=Q^"'(5,(5 r^^ip) (9) 

where / denotes a minimum spacetime cut off. Equation ([9]) is infact Lorentz 
covariant. Then the / phase factor gives a contribution to the second order 
in coordinate differentials, 

]^[d,,B,-d,B^] [dx^,dx'] 
+ ^ [d^B^ + d^B^] [dx^'dx" + dx^dx^"] (10) 

where B^ = d^f. 

As can be seen from ( JTOj) and (Q, the new contribution is in the term which 
contains the commutator of the coordinate differentials, and not in the sym- 
metric second term. Effectively, remembering that B^ arises from the scalar 
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phase factor, and not from the non-Abehan gauge field, in equation (jlj) 
is replaced by 

A^^ A^ + B^ = + (11) 

Comparing (fTTj) with (j6]) we can immediately see that the effect of noncom- 
mutativity is precisely that of providing a new symmetry breaking term to 
the gauge field, instead of the term, (Cf.refs. [SI E]) a term not belonging 
to the gauge field itself. 

On the other hand if we neglect in ([9]) terms ~ P, then there is no extra con- 
tribution coming from ffTOj) or f|TT]) . so that we are in the usual non-Abelian 
gauge field theory, requiring a broken symmetry to obtain an equation like 

m- 

To see this in greater detail, we note that, as shown by the author in early 
2000 [H] given a minimum length /, the energy momentum relation gets mod- 
ified. The usual Quantum Mechanical commutation relations get modified 
and now become ^ 

[x,p] = n' = h[l+ p'^]etc (12) 

(Cf. also ref. p]). (fT2!) shows that effectively h is replaced by h'. So, in units, 

h = 1 = c, 

E = [m2+p2(i + /y)-2]5 

or, the energy-momentum relation leading to the Klein-Gordon Hamiltonian 
is given by, 

E^ = m'+p^- 2/V, (13) 

neglecting higher order terms. This is the so called Snyder-Sidharth Hamil- 
tonian for Bosons ^U\. (It may be mentioned that some other authors have 
since ad hoc taken a third power of p, and so on [TT|. However we should 
remember that these were mostly phenomenological approaches.) 
For Fermions the analysis can be more detailed, in terms of Wilson lattices 
|12j . The free Hamiltonian now describes a collection of harmonic fermionic 
oscillators in momentum space. Assuming periodic boundary conditions in 
all three directions of a cube of dimension L^, the allowed momentum com- 
ponents are 

q= |gfc = ^t;fc;A; = l,2,3|, < Vk < L - 1 (14) 
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(fn]) finally leads to 

Eq = ±im^ + a~'^sin^qk (15) 

where a = / is the length of the lattice, this being the desired result leading 
to 

f|T6|l shows that a is positive, that is for Fermions the Snyder- Sidharth Hamil- 
tonian is given by flTB]) . 

2 A Modified Dirac Equation 

Once we consider a discrete spacetime structure, the energy momentum re- 
lation, as noted, gets modified [131 [12] and we have in units c = 1 = Ti, 



E^-p^-m"- lY = (17) 
I being the Planck length. Let us now consider the Dirac equation 

{7% -m}tp = {7V + T}ip = (18) 
If we include the extra effect shown in f ll7l) we get 

(7V + r + pY) ^ = (19) 

f3 being a suitable matrix. 
Multiplying (fT9l) by the operator 

(7°p° - r - f3ip') 

on the left we get 

pI - (rr + {TP + pr} + pHY} = o (20) 

If (|2UI) , as in the usual theory, has to represent (ITTI) , then we require that the 
matrix P satisfy 

Tp + pT = 0, p"^ = 1 (21) 



It follows that, 

/3 = 7^ (22) 

Using fl22l) in f|T9|) . the modified Dirac equation the so called Dirac-Sidharth 
equation [lOj finally becomes 

{7V + r + 7V}V^ = (23) 

Owing to the fact that we have [H] 

p^5 ^ _yp ^24) 



It follows that the modified Dirac equation fl23|) is not invariant under refiec- 
tions. 

We can also see that due to the modified Dirac equation fl2^ . there is no 
additional effect on the anomalous gyromagnetic ratio. This is because, in 
the usual equation from which the magnetic moment is determined ^15j viz., 

at jjic 

where S = h^ /2 is the electron spin operator, there is now an extra term 

7^El (25) 



However the expression ( 1251) vanishes by the property of the Dirac matrices. 
We point out that using the modified dispersion relation (JT6l) . for a massless 
particle, m = 0, and identifying the extra term Pp^ as being due to a mass 
(5m, we can easily deduce that, restoring proper units, 

4/v = = Wc^ 

Whence, 

h h 

6m = — or / = — - — (26) 

d com 

This shows that / is the Compton wavelength for this mass Sm or alternatively 
if I is the Compton wavelength, then we deduce the mass, now generated from 
the extra effect. This is another demonstration of mass generation from 0{P) 
effects as seen in Section 1, without requiring a Higgs mechanism. If, for 
example, / were the Planck length, then 5m would be the Planck mass (and 
vice versa). 
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3 Remarks 

Finally, we would like to make two remarks. Glinka has used the Snyder- 
Sidharth Hamiltonian (fT3|l . to show that a consistent structure is , 
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E=|- + m (c=l) (27) 

This semi-relativistic solution too, brings out the extra mass (or energy) 
term. 

There is another way of looking at all this. Because of Quantum Theory, the 
relativistic formula, 

(Ax)2 - {Aty = 
goes over to, as is well known. 



(Ax)2 - (At)2 < i- (^ = 1) (28) 



Effectively, the velocity of light c (= 1) becomes c', given by from (1281) . 



< 1 + = 2 (29) 

as At > — , the Compton time. 

So, the usual energy E = mc^ becomes E' where 

E <E' < 2E. (30) 

There is thus an increase in energy in the extreme relativistic case. This 
conclusion (l30|l can also be deduced from (1271) if we use (129|) . Then we get 
back (|30|). 

Secondly, if we started out with a massless particle like a photon, then using 
the fact that E = p = m{c = 1), we get directly from (fT5]l . 

m 

This is in agreement with earlier results [1^, giving the photon a mass of 
~ lO'^^gm and / ~ radius of the universe ~ lO^^cm. 
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